ABSTRACT Sub-subgiants are stars observed to be redder than normal main-sequence stars and fainter than normal subgiant (and giant) stars in an optical color-magnitude diagram. The red straggler stars, which lie redward of the red giant branch, may be related and are often grouped together with the sub-subgiants in the literature. These stars defy our standard theory of single-star evolution, and are important tests for binary evolution and stellar collision models. In total, we identify 65 sub-subgiants and red stragglers in 16 open and globular star clusters from the literature; 50 of these, including 43 sub-subgiants, pass our strict membership selection criteria (though the remaining sources may also be cluster members). In addition to their unique location on the color-magnitude diagram, we find that at least 58% (25/43) of sub-subgiants in this sample are X-ray sources with typical 0.5-2.5 keV luminosities of order 10 30−31 erg s −1 . Their X-ray luminosities and optical-to-X-ray flux ratios are similar to those of RS CVn active binaries. At least 65% (28/43) of the sub-subgiants in our sample are variables, 21 of which are known to be radial-velocity binaries. Typical variability periods are 15 days. At least 33% (14/43) of the sub-subgiants are Hα emitters. These observational demographics provide strong evidence that binarity is important for sub-subgiant formation. Finally, we find that the number of sub-subgiants per unit mass increases toward lower-mass clusters, such that the open clusters in our sample have the highest specific frequencies of sub-subgiants.
1. INTRODUCTION Sub-subgiant stars are defined empirically as sources that fall redward of the normal main sequence (MS) and are fainter than the subgiant and giant branches in an optical color-magnitude diagram (CMD). Stars in this region were first noted in the open cluster M67 (NGC 2682) by Belloni et al. (1998) and then discussed in detail in Mathieu et al. (2003) . Around this same time, similar stars were noted in the globular cluster 47 Tuc (NGC 104) by Albrow et al. (2001) . Since then a large number of sources that fall into this region in a CMD have been pointed out in various papers in both open and globular clusters, and analyzed to varying degrees. These stars are unexplained by the standard theory of single-star evolution, and despite the growing number of such sources, their origin remains a mystery. This is the first paper in a series studying the origin of these stars, formed within both open and globular clusters (and perhaps also in the Galactic field). In this paper we gather these sources from the many disparate references in the literature, examine their demographics, and begin to discuss their possible formation channels.
First, we address a conflicting naming convention that appears throughout the literature in reference to these stars. Belloni et al. (1998) introduced the name "subsubgiant" while Albrow et al. (2001) used the name "red straggler". The motivation behind the name subsubgiants is empirically driven, as these stars are fainter than the normal subgiant branch. The term red straggler is also empirically motivated, as these stars are indeed redder than stars of similar luminosity in these clusters. The term red straggler is no doubt also influenced by the more well known "blue stragglers" and "yellow stragglers/giants" 1 (both of which are generally brighter than the normal subgiant branch).
In short, depending on the specific reference, a star in the same region of the CMD may be called by either name, and therefore there is confusion in the literature about which CMD domain sub-subgiants and red strag-glers occupy.
To clarify this nomenclature, we choose to use the term "sub-subgiant" (hereafter SSG) to refer to stars that are fainter than the normal subgiants and redder than the normal MS stars, shown as the dark-gray regions in Figure 1. In addition to these SSG stars, there are also stars that are observed to be redder than the normal red giants but brighter than the normal subgiants (found in the light-gray regions of Figure 1 ). We choose to use the term "red straggler" (hereafter RS) to refer to these stars, and we encourage the community to adopt this division of the SSG and RS nomenclature moving forward.
We divide the SSG and RS stars in a given photometry band (and isochrone family) by the magnitude at the base of the giant branch, as shown in Figure 1 . This definition depends on the position of the isochrone, which might vary if defined by different photometric studies or isochrone families. We take cluster parameters from the literature (see Table 1 ) and use PARSEC isochrones (Bressan et al. 2012) here. For much of our sample, this definition is sufficient to place a star into either the SSG or RS category for all of the optical photometry we collected from the literature (and provide in Table 4 ). However, some stars reside in the SSG region in one colormagnitude combination and in the RS region for a different combination (see Figure 1 and Table 4 ). We discuss this phenomenon in some detail for specific sources below. Briefly, some stars move around dramatically relative to the isochrone with different filter choices, perhaps due to spot activity and photometric variability (see also, e.g., Milliman et al. 2016) . Indeed, photometric variability appears to be a defining characteristic of the SSG and RS stars. For the SSG analysis presented here, we include all stars that fall in the SSG region in at least one optical color-magnitude combination. This is the most inclusive definition of SSGs, which may be important given the photometric variability. We will also account for potential field star contamination within this SSG sample (Section 4) prior to performing our demographic analyses.
In this paper, we gather the observations from the SSG and RS stars in each cluster in Section 2 and provide a summary of the observations of these stars in Table 4 . In Sections 3 and 4 we discuss possible observational biases in our sample and the potential for field-star contamination, respectively. In Section 5 we investigate the aggregate characteristics of the sample. We close with a brief discussion and conclusions in Section 6. Subsequent papers in this series will investigate in detail a set of theoretical formation channels for SSGs (some of which predict that SSG and RS stars may be related through formation and/or evolution), and evaluate the formation rates of each channel and their abilities to create SSGs with the demographics identified here. Table 4 we compile all of the SSG and RS stars that have been identified in the literature in both open and globular clusters. We provide the cluster's NGC name, another common name where appropriate, the SSG/RS ID (see the relevant paragraph below for the specific references for IDs and other values), the RA and Dec, proper-motion and radial-velocity memberships statuses (P PM and P RV , where available), our estimate of the probability that this star is a field star (P field , see Section 4), the radial distance from the cluster center in units of core radii (r c ), the available observed U BV RIJHK photometry 2 , an available X-ray luminosity (L X ) and the band of the X-ray observation, the radial-velocity orbital period ("Per RV ") and photometric period ("Per phot "), where available (we mark variables whose periods are yet to be determined as "var"), and finally the number of color-magnitude combinations given in this table (from the literature) that place the given star in the SSG or RS regions or neither ("SSG/RS/N").
OBSERVED SUB-SUBGIANTS In
In Table 4 and throughout this paper, we identify sources with velocities that are > 3σ from the cluster mean (if that is the only available membership measurement) or with formal membership probabilities <50% as non-members. We exclude definite non-members from Table 4 . In some cases, authors identify stars as nonmembers at < 3σ from the mean (e.g., at > 2σ or > 2.5σ). We choose to include such stars with questionable membership within Table 4 , and indicate this uncertain membership with "?", but we do not include these in our subsequent analysis. We discuss additional membership indicators in Section 4.
Observations of the SSG stars reveal an intriguing mixture of properties. Broadly, SSGs We return to these aggregate properties in Section 5. First we briefly discuss the observations from each of the individual star clusters listed in Table 4 . CMDs for each of these clusters, showing the SSG and RS stars along with an isochrone (for reference) and the SSG/RS regions are plotted in Figure 1 , and relevant cluster parameters are shown in Table 1 .
Open Cluster Observations
NGC 188 -This old (∼6-7 Gyr) open cluster has three SSGs and two RSs (IDs from Geller et al. 2008) . The optical and IR photometry for these stars in Table 4 come from Stetson et al. (2004) and 2MASS, respectively. All of these stars have proper motions (Platais et al. 2003) consistent with cluster membership, and, where measurements are possible, these stars are also radial-velocity members (Geller et al. 2008) . All but one of these stars Table 4 , and, where necessary, we choose the color-magnitude combination for a given cluster that allows us to plot the largest number of sources. For reference we also plot with black lines PARSEC isochrones (Bressan et al. 2012) , using the ages, distance moduli and reddening values from Table 1. The SSG region is shown in the dark-gray filled area, while the RS region is shown in the light-gray filled area (both as defined in Section 1, and note that we exclude the normal binary locus from these regions.) We plot sources that appear in the SSG region in at least one color-magnitude combination with circles, and the RS stars in squares. Filled symbols show known X-ray sources, and open symbols show those without detected X-ray emission. Highly likely cluster members are plotted with purple symbols; those with less secure membership are plotted in orange (see Section 5). Note that NGC 6652 is not shown here, as we only have an estimate of the source's V magnitude (due to high-frequency variability).
(1141, a RS) have radial-velocity variations indicative of a binary companion. Two of these five sources (one SSG and one RS) are detected as X-ray emitters Gondoin 2005) . Gondoin (2005) suggests that the X-rays from 4289 (a SSG) are due to rapid rotation and resulting chromospheric activity. This source lies very close to the base of the giant branch in a V vs. B − V CMD, but is farther removed from the "normal" stars (and isochrones) in CMDs using other photometry combinations, particularly in combination with I band (given the photometry from Stetson et al. 2004) . Furthermore, 4289 is a member of a binary with a period of 11.49 days , which is consistent with the hypothesis that the X-rays result from rapid rotation in the synchronized primary member of the binary. 1141 is a RS and also an X-ray source (Belloni et al. 1998, X5) , and references therein) and Straižys et al. (2014) . For the globular clusters we take the age from Marín-Franch et al.
(2009, using the "G00 CG " values and normalized using the age of 47 Tuc from Thompson et al. 2010) [Fe/H] and M cl (calculated assuming a mass-to-light ratio of 2) from Harris (1996 Harris ( , 2010 . For NGC 6838 we take the age, et al. (2015) . All n H values are derived from NASA's HEASARC nH tool (https://heasarc.gsfc.nasa.gov/cgi-bin/Tools/w3nh/w3nh.pl), which uses Dickey & Lockman (1990) and Kalberla et al. (2005) . Finally, note that NGC 6397 and NGC 6752 are core-collapsed clusters; the radial limits of these surveys in units of half-mass radii are 0.9 and 3.7, respectively.
though the authors of that study do not venture to guess the source of the emission. We note that Geller et al. (2008) incorrectly matched 3118 (a RS) to a Belloni et al. (1998) X-ray source; to our knowledge 3118 does not have detected X-ray emission. 3118 is a double-lined spectroscopic binary (SB2) with a period of 11.9 days and a mass ratio of 0.8 ). Interestingly, SSG 4989 is identified as a W UMa photometric variable, V5, by Zhang et al. (2002) , which in general are thought to be contact binaries containing two MS stars (Robertson & Eggleton 1977) .
NGC 2158 -As part of their search for transiting planets in this intermediate age (∼2 Gyr) open cluster, Mochejska et al. (2004 Mochejska et al. ( , 2006 identified five photometric variables in the cluster's SSG region. IDs and optical photometry in Table 4 for these stars are from Mochejska et al. (2004 Mochejska et al. ( , 2006 . One of these sources (V90) is in the catalog of Dias et al. (2014) with a 94% proper-motion membership. The remaining four have proper motions from Kharchenko et al. (1997) ; all are >50% proper-motion members when considering the cluster "corona" stellar distribution, though all but one of these fall to <50% when considering the "core" distribution. (Kharchenko et al. 1997 describe the cluster as a combination of two distributions, with the "corona" having a characteristic radius of twice that of the "core".) The photometric periods for these sources range from <1 day to ∼13 days. To our knowledge, there is no published X-ray survey of NGC 2158.
NGC 2682 (M67) - Mathieu et al. (2003) performed an extensive observational analysis of the two SSGs in the old (∼4 Gyr) open cluster M67, and we refer the reader to this paper for more information. In short, these stars were first noted by Belloni et al. (1998) , and both sources are high-probability cluster members from proper motions (Girard et al. 1989 ) and radial velocities Geller et al. 2015) . Both are radial-velocity binaries (see Table 3 ); the shorter-period source, S1113 (IDs for both sources from Sanders 1977) , is an SB2 with a companion that is likely a 0.9 M ⊙ MS star, while S1063, the longer-period source, is a singlelined spectroscopic binary (SB1). Both of these sources are photometric variables (van den Berg et al. 2002) and X-ray sources van den Berg et al. 2004) . (The optical and IR photometry in Table 4 for these stars is from (Montgomery et al. 1993 ) and 2MASS, respectively.) As noted in Mathieu et al. (2003) , both stars show strong Ca II H and K emission, indicative of chromospheric activity, and both also show Hα emission (Pasquini & Belloni 1998; van den Berg et al. 1999) . Finally, Mathieu et al. (2003) note that they could not find a self-consistent solution for the stars of S1113 that accounts for all of the observations. Stetson et al. (2003) , and the IR photometry is from 2MASS. All of these sources have proper-motion membership probabilities of P P M ≥ 96% (Platais et al. 2011) . Four of the five Platais et al. (2011) candidates (83, 746, 3626, 15561) were confirmed to be radial-velocity members by Milliman et al. (2016) . The authors are currently collecting radial-velocity measurements for the other two SSG candidates through the WIYN Open Cluster Study (WOCS; Mathieu 2000). Though not published in Milliman et al. (2016) , these WOCS radial velocities indicate that 6371 and 7011 are both short-period SB2 binaries with radial velocities spanning the cluster distribution; we have not yet been able to derive orbital solutions for these stars, so we cannot yet provide conclusive radial-velocity membership probabilities. The five Platais et al. (2011) sources are also short-period radialvelocity binaries. Milliman et al. (2016) published orbital solutions for 746, 3626 and 15561 (see Table 3 ). Five of these NGC 6791 sources (four SSGs and one RS) are short-period photometric variables, X-ray sources and Hα emitters (de Marchi et al. 2007; Mochejska et al. 2002; Kaluzny 2003; Bruntt et al. 2003; Mochejska et al. 2005; van den Berg et al. 2013; Milliman et al. 2016) . For the variable SSG and RS sources in NGC 6791, photometric variability occurs on periods similar to the radial-velocity orbital period and has been attributed to spot modulation (van den Berg et al. 2013 ). All signs point to these stars being RS CVn-type binaries with chromospheric activity. On the other hand, star 83 shows no signs of a binary companion, photometric variability, Hα emission, or X-ray emission, so it appears qualitatively different than the other SSGs in the cluster. Interestingly, RS 6371 falls to the red of the RGB in the V vs. V − I CMD of Stetson et al. (2003) , but appears to be a normal cluster giant in the g ′ vs. g ′ − r ′ CMD of Platais et al. (2011) and is thus not reported as an SSG in the Platais et al. sample. 6371 is also a known photometric variable (de Marchi et al. 2007, V9) , identified as an eclipsing binary within the Kepler field, and also an Hα emitter (van den Berg et al. 2013) . Table 4 is from (Kalirai et al. 2001 ) and 2MASS, respectively. This star has a proper-motion membership probability of 99% from Platais et al. (2013) . Though it has many spectroscopic observations from WIYN/Hydra, the source is a rapid rotator, and therefore reliable radial velocities are difficult to obtain (Hole et al. 2009 ). Gosnell et al. (2012) find the X-ray and optical properties of this source to be consistent with an active binary, and note that it is similar to an RS CVn. The source is clearly in the SSG region in a V vs. B − V CMD (see Figure 1 ), though it is not an obvious outlier in the ultra-violet CMD presented in Gosnell et al. (2012, their Figure 5b ). Gyr) open cluster, and discovered the source V4 to have variability on multiple timescales and amplitudes, including trends of ∼0.01 mag (particularly in B and V ) in a given night, plus longer timescale variations over tens of days at about 0.5 mag (in B, V and R).
(We take the ID and optical photometry for this star from Sandquist et al. (2011) and IR photometry from 2MASS.) Investigation of their best-seeing images does not indicate any binary companion. They note that the location of V4 in the CMD is reminiscent of the SSGs in M67, though V4 has higher-amplitude photometric oscillations. We place V4 in the RS category (see Figure 1) . Dias et al. (2014) find V4 to have a 91% proper-motion membership probability. As also noted by Sandquist et al. (2011) , radial-velocity observations for V4 would be very important to confirm cluster membership and investigate for a binary companion. To our knowledge, there is no published X-ray survey of NGC 7142.
Globular Cluster Observations
NGC 104 (47 Tuc) -Shortly after the discovery of the SSGs in M67, Albrow et al. (2001) noted a population of six photometric variable stars that reside in the SSG region in a CMD of the globular cluster 47 Tuc (and called them "red stragglers"). Edmonds et al. (2003) later added four additional sources to this list in their analysis of Chandra X-ray observations. Optical photometry for these stars in Table 4 are converted to the ground-based system from the HST magnitudes from Albrow et al. (2001) and Edmonds et al. (2003) . We are able to match six of these ten sources to the HSTPROMO catalog 3 (Bellini et al. 2014 , and include their positions in Table 4 , which have an average epoch of observations of 2006.2), and can therefore evaluate their propermotion memberships. (The other sources were rejected from the proper-motion pipeline due to contamination from nearby stars or poor PSF fitting in one or more epochs, or they were simply outside of the field of view of the proper-motion catalog.) After careful cleaning and analysis of the full cluster data set, we find that all but two of these six sources have relative velocities within 3σ of the cluster's mean motion, and we therefore identify these four stars as proper-motion members. WF4-V17 is clearly a proper-motion non-member of 47 Tuc, and is not included in our table (see Figure 2 , where the propermotion errors for the six target stars are smaller than their colored symbols). Instead WF4-V17 is a red giant in the Small Magellanic Cloud. WF4-V18 has a 2D velocity 3.75σ from the cluster mean, but also has a rather poor χ 2 value for the linear fit defining its proper-motion (see Bellini et al. 2014; Watkins et al. 2015) , and also large uncertainties on the proper-motion. This source appears to be a MUSE radial-velocity member (see Figure 3), so we keep it in our table. However, as with other sources with uncertain membership, we will not include WF4-V18 in further analyses. Three more of these sources were also observed by the MUSE multi-epoch radial-velocity survey (Kamann et al. 2013 (Kamann et al. , 2016 , who confirm their cluster membership based on both velocity and metallicity. Two of these sources show Hα emission.
The MUSE radial velocities indicate that all four of these sources show strong radial-velocity variability indicative of binary companions, with the strongest radial-velocity variable (WF2-V32) reaching an amplitude of >30 km s −1 . We currently do not have sufficient epochs of radial velocities to derive orbital solutions, and therefore center-of-mass radial velocities. Thus we do not quote radial-velocity membership probabilities for these stars in Table 4 ; we show their mean velocities, relative to the rest of the 47 Tuc MUSE sample in Figure 3 . Seven of these nine candidate cluster members are detected in X-rays Edmonds et al. 2003) , and Albrow et al. (2001) note that their X-ray luminosities are consistent with that expected for a chromospherically active subgiant star in an RS CVn type system. Of additional interest, PC-V11 (also known as W36 in Edmonds et al. 2003 and AKO 9 Auriere et al. 1989 ) is a known CV in the SSG region (e.g. Grindlay et al. 2001; Knigge et al. 2002) .
NGC 5139 (ω Centauri) -ω Cen has (at least) seven distinct sequences apparent in the optical/IR CMD (Villanova et al. 2007; Bellini et al. 2010) , and also has very sensitive Chandra imaging (Haggard et al. 2009 . Of particular interest here, the "anomalous RGB/SGB" (sequence D from Villanova et al. 2007 , and also known as RGB/SGB-a, Lee et al. 1999; Pancino et al. 2000; Ferraro et al. 2004 ) contains ∼10% of the subgiant stars, has a subgiant branch that is significantly fainter than the other subgiant branches, and a red-giant branch that is significantly redder than the other red-giant branches. In other words, the anomalous RGB/SGB runs through the SSG and RS regions of the ω Cen CMD, relative to the bluer and brighter sequences. Villanova et al. (2007) find the anomalous RGB/SGB to be old (∼ 13 Gyr) and metal rich ([Fe/H] ∼ -1.1) in comparison to the other branches. Interestingly, Cool et al. (2013) discovered eight X-ray sources lying within the anomalous RGB/SGB on the CMD (with IDs containing numbers and a letter in Table 4 ). Three of these sources, all candidate SSGs (22e, 32f and 43c), are identified as Hα "Bright?" by Cool et al. (2013) . We are able to match six of these eight sources to either the Bellini et al. (2009) proper-motion study or the MUSE radial-velocity survey, all of which are consistent with cluster membership (though 32f has only a 43% proper-motion membership probability). These Cool et al. (2013) stars form a relatively tight sequence on the CMD. (U BV RI magnitudes for the ω Cen stars in Table 4 are from Bellini et al. (2010) , where available, except, for the Cool et al. (2013) sources, where we convert their HST magnitudes to ground-based B and R and use these instead.) Similarly tight sequences of SSG and/or RS stars are not immediately apparent in other clusters (see Figure 1 ; though the number of SSG and RS stars in most clusters is perhaps too small to discern a sequence in a CMD). Without metallicity measurements, it is unclear whether these Cool et al. (2013) X-ray sources are associated with the anomalous RGB/SGB or with some different branch. If they are associated with the anomalous RGB/SGB, then they may not be SSG (or RS) stars according to the CMD definition from Section 1 (unless all of the anomalous RGB/SGB are SSG and RS stars in relation to some different branch). However, in this scenario the anomalous RGB/SGB would have a factor of 5-15 times more X-ray sources (above the detection limits) than the other branches that dominate the cluster mass, and would indicate a strong preference for X-ray sources at higher metallicities in ω Cen, a trend not observed elsewhere ). On the other hand, if these X-ray sources are instead associated with a different branch (by metallicity), then they would fit our definition of SSG and RS stars. We choose to include them here, and future metallicity measurements for these stars will be very important to confirm their identity as SSG/RS stars. Regardless of the nature of the Cool et al. (2013) sources, Rozyczka et al. (2012) identify an additional 13 3D kinematic cluster members in the SSG and RS regions in the cluster (not confined to the anomalous RGB/SGB). (Note, SSG candidate 23 lies blueward of the R vs. B −R isochrone in Figure 1 , but inside the SSG region in other filter combinations.) This sample includes three radial-velocity variables plus four additional "suspected radial-velocity variables" (all of which we identify as "var" in Table 4 ), and one W UMa photometric variable. Furthermore, Rozyczka et al. (2012) state that it is conceivable that the remaining 5 objects may also be thus far undetected binaries.
NGC 6121 (M4) - Bassa et al. (2004) identify two candidate SSGs in their Chandra X-ray survey of this globular cluster, CX8 and CX10. For source CX8 we take the optical and IR photometry from Stetson et al. (2014) and 2MASS, respectively, and for CX10 we convert the HST photometry from Bassa et al. (2004) to ground-based V and I. Zloczewski et al. (2012) find both to be likely proper-motion members (each with a proper-motion < 2.5σ from the cluster mean). Both CX8 and CX10 fall within the MUSE sample, but there is only one epoch of observations for this cluster (and therefore radial-velocity variability is unknown). CX10 appears to be a member by both radial velocity and metallicity ( Figure 3 ). CX8 appears separated from the cluster distribution. Both CX8 and CX10 show Hα emission in their spectra, which may bias the metallicity measurements. Also, if CX8 is a binary, the one radial-velocity epoch may not reflect the center-of-mass motion. Bassa et al. (2004) note that CX8 coincides with the photometric variable V52 from Kaluzny et al. (1997) , which they classify as a BY Dra system (generally thought to contain MS stars with variability arising from spots and chromospheric activity) with a period of ∼0.78 days. Kaluzny et al. (2013) continue to monitor V52, and note that the periodicity remains coherent over 14 years, which they take as indication that V52 is a binary star. However, contrary to Bassa et al. (2004) , Kaluzny et al. (2013) specifically state that none of the X-ray sources from Bassa et al. (2004) coincide with V52 (which indeed they find puzzling, given the expected chromospheric activity of such a star). Nascimbeni et al. (2014) confirm the ∼0.78 day photometric period, and also associate this star with CX8 (and with their 7864). They categorize this source as "unclassified/uncertain". We choose to provide the photometric period for V52 in Table 4 as related to CX8. Importantly, based on radio observations, Strader et al. (in prep) suggest that CX8 has a compact object companion, with a high likelihood that the companion is a black hole. Due to the uncertainty in binarity (and hence the and NGC 6397 (bottom). Stars from our sample are plotted in colored symbols, while the rest of the stars in the direction of each cluster, respectively, are plotted in black points. Uncertainties on the proper-motion measurements for the stars in our SSG sample are smaller in size than the colored dots. In both clusters, the members are easily distinguished visually, and confirmed through our more detailed analyses, as those having velocities consistent with the bulk motion of the cluster stars (where here the mean cluster motion is shifted to the origin). Further details for these stars in both clusters are provided in the text of Section 2.
center-of-mass radial velocity) and the probable bias in the metallicity measurement, we do not suggest a radialvelocity membership for CX8. Finally, for completeness, we note that Bassa et al. (2004) identify another source, CX24, that also falls to the red of the standard MS but is fainter than the typical SSG region as defined here. The optical counterpart to CX24 varies by more than 1 mag in brightness, between their HST observation dates. Bassa et al. (2004) suggest that CX24 is a foreground object, and we therefore do not include this source in our table.
NGC 6218 (M12) - Lu et al. (2009) identify an X-ray source (their CX2) in NGC 6218 with a "relatively hard X-ray color", for which they find three potential optical counterparts. One of these potential optical counterparts, CX2b, falls in the SSG region on an optical CMD, and we convert their HST photometry for this source to ground-based B, V and R for Table 4 . (The other two fall on, or possibly to the red depending on the color choice, of the main-sequence, and to the blue of the main sequence, respectively.) Zloczewski et al. (2012) find this source to be > 2σ from the mean proper motion of the cluster, and therefore categorize this star as a non-member. We include this star in our table, though as with other similar sources, we will not include this star in our subsequent analysis.
NGC 6366 - Bassa et al. (2008) identify one candidate SSG, CX5, in their Chandra X-ray survey of this globular cluster. To our knowledge there is no proper-motion membership probability available for this source in the literature, but Bassa et al. (2008) conclude that this is a probable cluster member, based on the observed Xray luminosity and their optical photometry (which we provide in Table 4 ). Table 4 .) All of these sources are found in the HST-PROMO catalog, and we use the HSTPROMO positions in Table 4 , which have an average epoch of observations of 2006.4. All but one of these sources are probable members from both HSTPROMO proper motions and MUSE radial velocities and metallicites. The remaining source, U42, falls well outside of the cluster distribution (see Figures 2 and 3) . We therefore exclude U42 from our sample (and also note that U42 is somewhat redder than most of the SSGs in our sample). All three members are photometric variables (Kaluzny et al. 2006) , and all show remarkably high amplitude radial-velocity variability. Each were observed twice within about 24 hours by the MUSE team and have radial velocities that differ by 70 to 200 km s −1 . Importantly, U12, whose radial velocity was observed to vary by 200 km s −1 in a day, is a known millisecond pulsar (MSP; D' Amico et al. 2001; Ferraro et al. 2003) , and Bogdanov et al. (2010) suggest that U18 is also a MSP. Kaluzny et al. (2006) attribute the short-period photometric variability for both of these sources (U12 = V16; U18 = V31) to ellipsoidal variations (though they are somewhat uncertain about that characterization for U18). MUSE spectra show that both U12 and U18 have Hα in emission. Finally, source U92 (V7) is an eclipsing W UMa binary, and shows Hα in absorption in the MUSE spectra. For completeness, we also note that U63, U65, U86 are located redward of the MS but fainter than the SSG region discussed here. All are X-ray sources, and U65 and U86 each have an Hα excess. However, Cohn et al. (2010) show that these three stars have proper motions that are inconsistent with both the cluster and field distributions, and therefore their membership status is unknown. They suggest these three stars may be foreground active binaries, and we do not include them in our sample (or Table 4 ). We use open symbols for stars that show significant Hα emission in the MUSE spectra that likely affects our metallicity measurements. Further details for all of these stars are provided in the text of Section 2.
and was studied in detail by Coomber et al. (2011) and Engel et al. (2012) .
This source "flickers" on timescales less than 75 seconds (the exposure time for the Engel et al. 2012 observations) , with amplitudes of ∼ 1 mag in g' and ∼0.5 mag in r', and therefore the optical photometry, and particularly an optical color, is highly uncertain. In Table 4 , we provide an estimate of the V magnitude from Heinke et al. (2001) for reference. Engel et al. (2012) suggest a color potentially redder than the MS, akin to the SSGs in other clusters. Deutsch et al. (2000) find a possible photometric period of 43.6 minutes, though Heinke et al. (2001) and Engel et al. (2012) suggest that this period is spurious. The source also flares in X-rays on timescales down to 100s, and can range from L X (0.5-10.0keV)< 2 × 10 33 erg s −1 up to L X (0.5-10.0keV)∼ 10 35 erg s −1 with no detectable periodicity, though its long-term L X is observed to be relatively constant since 1994 ROSAT observations (Coomber et al. 2011) . The high peak in L X is strong evidence for a neutron star or black hole companion. However, the variability and somewhat low X-ray luminosity is unusual for typical LMXBs. Because the optical pho-tometry is so uncertain, we cannot reliably classify this source as an SSG or RS; we include this source in Table 4 for reference, but do not include it in our subsequent analysis.
NGC 6752 - Kaluzny & Thompson (2009) find three photometric variables in the SSG region in this globular cluster. (IDs and photometry for these three stars in Table 4 are from Kaluzny & Thompson 2009 ). Two are roughly the same V magnitude as the base of the giant branch (V19 and V20), while the other is fainter. V19 is quite red, somewhat similar in this regard to U42 in NGC 6397 (which appears to be a non-member). Kaluzny & Thompson (2009) propose that the photometric variability for these sources is due to binarity and possibly ellipsoidal variations, with a degenerate companion. To our knowledge these sources are not detected in X-rays. Zloczewski et al. (2012) find that V19 and V20 are > 2σ from the mean of the cluster proper-motion distribution, and categorize them as nonmembers. Again, as this is below our 3σ limit, we choose to include these stars in our table as candidates, but we will not include them in our subsequent analysis.
NGC 6809 (M55) -We find three candidate SSGs from the literature in this globular cluster, CX7 and CX29 from Bassa et al. (2008) and V64 from Kaluzny et al. (2010) . Both CX7 and V64 are cluster members, while CX29 is likely a non-member (at > 3σ), from propermotion measurements (Zloczewski et al. 2011) , and is therefore not included in our sample. (In Table 4 , the IDs and photometry for CX7 are from Bassa et al. 2008 , while the ID and photometry for V64 are from Kaluzny et al. 2010 .) CX7 is detected in X-rays by Bassa et al. (2008) , who note that this source is likely a magnetically active binary that has no significant Hα emission. CX7 is also a photometric variable from Kaluzny et al. (2010, V65) , who posit that the photometric variability is either due to a contact binary observed at low inclination, or ellipsoidal variations suggesting a degenerate companion. Moreover, Kaluzny et al. (2010) suggest that the coherence of the photometric variations for both V64 and V65 (CX7) are indicative of binary companions. Lane et al. (2011) find that CX7 is a cluster non-member from radial-velocity observations, but given the evidence for binarity and therefore the unknown center-of-mass velocity (without an orbital solution), we suggest that the radial-velocity membership status is uncertain.
NGC 6838 (M71) - Huang et al. (2010) identify two SSG candidates in this globular cluster. Their source s02 has an X-ray to optical flux ratio indicative of an active binary, and X-ray variability that likely indicates flaring from a chromospherically active star (Elsner et al. 2008 ). The X-ray source s19 has three potential HST optical counterparts within the Chandra error circle. All three of these potential counterparts would have X-ray to optical flux ratios consistent with active binaries (though s19c could also be interpreted as a CV). Huang et al. (2010) suggest that s19a is the most likely counterpart to the source, evidently because this would place the star in the SSG region. Photometry for both NGC 6838 sources are converted from the Huang et al. (2010) HST filters to ground-based magnitudes for Table 4. 2 Batalha et al. (2013) and then Huber et al. (2014) identify a subset of roughly 5% of the Kepler targets (nearly 10,000 stars) with (photometric) surface gravities and temperatures that are inconsistent with the expectations for normal stars from standard isochrones. More specifically, these are generally stars of G or K spectral type that have surfaces gravities that are too high and temperatures that are too cool to be consistent with any isochrone less than 14 Gyr (even at extremely high metallicities, e.g., see Figure 14 in Huber et al. 2014) . Moreover, these stars fall in the SSG and RS regions. Almost definitely some of these stars simply have incorrect surface gravities and/or temperatures. However, Huber et al. (2014) follow up a subset of these stars with spectroscopic classifications from the SEGUE catalog (Yanny et al. 2009 ), and find that even these more accurate surface gravities and temperatures do not move all stars out of the "No-Man's-Land" regime. Indeed they state that "a considerable number of SEGUE classifications remain in the 'No-Mans-Land' zone". We suggest that there may be a substantial population of field SSG stars within the Kepler "No-Man's-Land" sample.
If even a subset of the "No-Man's Land" stars are indeed SSGs, then their discovery in the field suggests that SSGs can form through channels that do not require dynamical encounters within star clusters. (This may not be surprising, since it is also well known that blue stragglers exist in clusters and the field, and can form through mechanisms mediated by dynamics as well as through isolated binary evolution.) We point out these stars here to motivate further observations and analyses that might help confirm whether or not these stars are indeed SSGs.
Summary
In summary, we compile a sample of 65 stars in 16 star clusters identified in the literature as either SSG or RS stars. We classify 56 of these stars as SSGs, based on our CMD definition described above (and shown in Figure 1 ). In the following sections, we describe and attempt to characterize the biases and incompleteness in this sample, and we discuss the cluster membership status of these stars. From our analysis presented in the following sections, considering the proper motions, radial velocities, photometric variability and X-ray luminosities, we conclude that the vast majority of these stars are indeed cluster members. We select these highly likely cluster members when investigating the SSG demographics in Section 5.
OBSERVATIONAL BIASES IN THE SAMPLE
We do not attempt to formally correct for the selection effects or incompleteness that is likely present in the sample of SSG/RS stars in Table 4 . We will, however, limit their impact in the analysis of these data by including only the most likely cluster members.
Most of the sources from the open clusters listed in Table 4 were identified from comprehensive radial-velocity and proper-motion membership surveys. Most of the globular cluster sources, on the other hand were, initially identified in X-ray surveys (without comprehensive membership surveys).
The detection limit of most of these X-ray surveys is of the order of 10 30−31 erg s −1 , which appears to be the characteristic X-ray luminosity of these SSG stars. Therefore, (a) there may be more SSG/RS stars in clusters with X-ray luminosities below ∼10 30−31 erg s −1 that have not been identified in the literature, and (b) there may be unidentified SSG/RS stars in clusters that currently have less sensitive X-ray observations, not reaching 10 30−31 erg s −1 . The large frequency of X-ray emitting SSG and RS stars may be simply due to the discovery method, although the open cluster sample suggests otherwise. Proper-motion surveys of a large sample of globular clusters are nearing completion, which will help to identify non-X-ray-detected SSG/RS stars (and help to further eliminate non-members from our SSG/RS sample).
X-ray surveys of globular clusters have often targeted the most dynamically active clusters, since observations indicate a trend of increasing frequency of X-ray sources with increasing collision rate (Pooley et al. 2003; Bahramian et al. 2013) . Therefore the globular cluster sample here is likely biased toward the more massive and dense clusters. Indeed, NGC 6397 and NGC 6752 are core-collapsed clusters in the Harris (2010) catalog. Open clusters that have a particularly large number of stars are also often selected for radial-velocity, photometric, and X-ray surveys, and therefore again, our sample of open clusters is likely biased toward the most massive clusters at a given age.
Also, not all sources listed in Table 4 were monitored for photometric variability, and not all sources (particularly those in the globular clusters) were observed for radial-velocity variability. Therefore the frequency of variables in our sample is a lower limit.
Furthermore, as with most studies of periodic data, we expect that the ability to detect periodicity in this sample decreases with increasing period. Therefore the period distribution of the known variable SSG/RS stars (e.g., Figure 5 ) may be biased toward shorter periods.
Lastly, as these clusters are all at different distances and have been observed using different telescopes and instruments, the radial coverage of the clusters varies across our sample. We show the maximum radial extent (r/r c ) of the relevant SSG discovery survey for each cluster in Table 1 . The cluster with the smallest radial coverage that contains SSG stars is NGC 6121 (one of the closest globular clusters in this group), with a maximal radial coverage of 3.3 core radii; note that NGC 7142, with a smaller coverage, does not have any SSG stars. When necessary, to reduce the effect of radial incompleteness amongst our surveys, we will limit our sample to only include those SSGs within 3.3 core radii from their respective clusters for the analysis in Section 5.
EVIDENCE FOR CLUSTER MEMBERSHIP
4.1. Probability of Field Star Contamination The majority of the SSGs in our sample have propermotion measurements indicative of cluster membership. Many of the sources also have radial-velocity measurements indicative of cluster membership. However, the quality of these kinematic data varies between clusters, and eleven of our sources do not have any kinematic membership data. Therefore in this section, we first consider other membership indicators by examining the number of expected field stars within the SSG region in each cluster CMD (Table 2 ). We will then include kinematic membership information for the individual SSG/RS stars to provide an estimate of the probability that each SSG or RS star is a field star (Equation 2 and P field in Table 4 ).
First, active galactic nuclei (AGN) are a well known contaminant in X-ray surveys of star clusters. However, to our knowledge none of these SSGs are noted as extended sources in the literature. Also, AGN are known to show non-periodic, stochastic flux variations on timescales of months to years (see e.g., Simm et al. 2015 , and references therein), which is inconsistent with the photometric variability seen for the SSGs in our sample. Therefore here we investigate stellar contaminants. Specifically we investigate the probability that we would observe any galactic field stars, field-star X-ray sources or short-period stellar photometric variables, respectively, in the SSG region of the CMD in each cluster.
We utilize star fields from the Besançon model of the Milky Way (Robin et al. 2003) within the maximum survey radius for each cluster (see Table 1 ), that contains SSGs in Table 4 . We use the same color and magnitude combination for each cluster as shown in Figure 1 , respectively, and identify an approximate region around the observed SSGs that extends from the bluest portion of the region shown in Figure 1 to the color of the reddest SSG in the cluster plus 0.05, and the magnitude of the faintest SSG in the cluster plus 0.5. (We also perform a similar analysis for the RS stars, for Equation 2 below, limiting the region to the color of the reddest RS in the cluster plus 0.05 and to the magnitude of the brightest RS in a cluster minus 0.5.) These offsets in color and magnitude are somewhat arbitrary, but do not significantly affect the results presented here. For each cluster region, we then count the number of field stars expected to fall in the SSG region of the appropriate CMD, and give this number as N e in Table 2 . About 93% of these expected field stars are dwarfs, and 94% are spectral types G, K or M.
We do not account for kinematic information in this analysis in Table 2 (which is partly responsible for the large numbers of stars predicted for the open clusters), whereas the SSG and RS stars are mostly drawn from samples of known kinematic cluster members. The expected numbers of Galactic field stars given in Table 2 are upper limits.
We estimate the number of short-period binaries expected to be in the SSG region for each cluster, N eV in Table 2 , following the results from Raghavan et al. (2010) . More specifically, we assume the field binarystar fraction is a function of spectral type from their Figure 12 , and assume all binaries follow the same log-normal period distribution as the solar-type stars (peaked at a mean value of log P = 5.03 and with σ log P = 2.28, defining P in days). This orbital period distribution should serve adequately for these foreground GKM dwarfs. The log-normal period distribution predicts about 4% of binaries should have orbital periods <15 days. We then use this percentage and the appropriate binary fractions to estimate the numbers of expected binaries with periods <15 days in the SSG region of the CMD for each respective cluster, and give these numbers, N eV , in Table 2 . Note that this is an overesti- mate of the number of binaries that would be detected, as we have not accounted for the expected random inclinations, the potential for low-mass companions below a detection limit, observing cadence, etc. Next we estimate the number of stellar X-ray sources expected for each cluster, N eX in Table 2 . Stellar X-ray sources can be either single or binary stars. However, single X-ray emitters with luminosities of 10 30 − 10 31 erg s −1 have ages 10 Myr (see Preibisch & Feigelson 2005 , and particularly their Figure 4 ). The Besançon model predicts no stars of this young age in the fields of any of the clusters in this study. RS CVn and BY Dra active binaries also have similar X-ray and optical properties as the SSGs (Figure 6 ). Eker et al. (2008) provide a catalog of known chromospherically active binaries. From their catalog, we find that the BY Dra systems that have Xray luminosities of order 10 30 − 10 31 erg s −1 all contain GK dwarfs and have orbital periods between about 0.5 and 4 days. RS CVn systems within this X-ray luminosity range contain primarily GK subgiant and giant stars and have orbital periods between about 0.5 and 100 days. If we consider only the portion of the Raghavan et al. (2010) period distribution that would be occupied by BY Dra and RS CVn binaries (and assume that this same distribution holds for evolved stars), we find that about 1% and 4% of (field) stars should have appropriate orbital periods, respectively. Applying these percentages and the cuts in spectral types and luminosity classes to the Besançon model, we find a total of about six field Xray active binaries expected in the directions of all open clusters studies here, and a total of less than one in the directions of all of the globular clusters in our sample. Nearly all of the expected active binaries are BY Dra systems.
Also in Table 2 , we provide the observed numbers of SSGs (N o , i.e., those with at least one color-magnitude combination that resides in the SSG region and do not have "NM?" in Table 4 ), the number of observed SSGs in binaries with orbital periods <15 days (N oV , and here we assume that any short-period photometric variability is due to a binary companion of similar orbital period), and the number of observed SSG X-ray sources with luminosities of order 10 30 − 10 31 erg s −1 (N oX ). We then calculate the cumulative Poisson probability, P , of observing at least N o SSGs (for those with at least 1 SSG) with an expected number of N e (found from the Besançon model):
We also calculate the probability, P V , that we would detect at least N oV short-period binaries in the SSG region when N eV are expected (by replacing N o and N e in Equation 1 by N oV and N eV , respectively). Similarly we calculate the probability, P X , that we would detect at least N oX X-ray sources in the SSG region when N eX are expected (by replacing N o and N e in Equation 1 by N oX and N eX , respectively). We provide all of these probabilities in Table 2 , including total probabilities, considering the summed number of each type of star in the calculations, for the open and globular clusters respectively. Without any constraints on X-ray emission or binarity (or kinematic membership), the number of expected stars in the SSG region of the CMD, N e , is similar to or greater than the number of true SSGs observed, N o , in most clusters, and therefore the probability of observing at least N o stars in this region of the CMD in most clusters (P ) is high. For some clusters, and especially for the globular clusters, taking also the photometric and radial-velocity variability (i.e., binarity) into account is enough to provide a high confidence level that the SSGs are not all field stars. For the entire globular cluster sample we find a 0% probability (P V ) that we would observe N oV = 12 or more stars when N eV ∼ 2 stars are expected. Therefore, even without accounting for kine-matic membership information, it is exceedingly unlikely that all variable SSGs in the globular clusters could be field stars.
The X-ray sources provide an even more stringent constraint. Each respective globular cluster is predicted to have N eX < 1 field X-ray source with an X-ray luminosity between 10 30 and 10 31 erg s −1 in the SSG CMD region (considering both single and binary X-ray sources). For every globular cluster, respectively, we find that it is extremely unlikely that we would observe N oX X-ray sources in the SSG CMD region, when N eX < 1 are expected. Summing over all observed and expected sources for the globular clusters (bottom line of Table 2 ) we predict N eX < 1 field X-ray source with the appropriate luminosity in our entire globular cluster sample. Considering that we observe N oX = 21 X-ray sources in the SSG CMD region in globular clusters, we find a zero percent probability that all the X-ray-detected SSGs in globular clusters are field stars.
For the open clusters, if we do not consider any kinematic membership information, there is a non-zero probability that all SSGs could be field stars. However, again, the open clusters have the most comprehensive propermotion and radial-velocity membership information.
In addition to this analysis of the full SSG population, we also estimate a probability that each SSG or RS individually could be a field star (P field in Table 4 ), as follows:
where P PM and P RV are the fractional kinematic membership probabilities given in Table 4 . We assume a 50% membership probability for stars labeled "M", and a 0% probability for stars labeled "NM". For stars without a P PM or P RV value in Table 4 , we simply set the appropriate P PM or P RV equal to 0 (thereby excluding that membership indicator from the calculation). P V (N oV = 1), P X (N oX = 1) and P (N o = 1) are calculated following Equation 1, by setting the observed number, N oV , N oX or N o , equal to unity, and using the expected number, N eV , N eX or N e , given in Table 2 for the cluster. We derive expected numbers for the RS stars in a similar manner as described above for the SSGs. If a given SSG or RS star is either not a photometric variable or Xray source (with L X < 10 32 erg s −1 ), we simply set the respective probability, P V (N oV = 1) or P X (N oX = 1), to unity (thereby excluding that membership indicator from the calculation). If the star is neither an X-ray source, with the appropriate luminosity, or a photometric or radial-velocity variable, we replace these probabilities with P (N o = 1). Here we assume that these probabilities are independent, and we give each membership indicator equal weight.
These P field values provide an estimate of the membership status of each source individually. From examination of the distribution of these membership values, we select a fairly strict cutoff of P field = 10%, above which we exclude the source from our member sample used for our following analyses. We also exclude the few sources that have P field < 10%, but are labeled as "NM?". 77% (43/56) of the SSG and 88% (7/8) of the RS sources from the literature pass this criteria. The remaining have less certain membership status, though may still be cluster members.
In conclusion, even without considering kinematic membership information (as in Table 2 ), the probability is remote that all these candidate SSG X-ray sources and photometric variables could be field stars (especially in the globular clusters). We include kinematic information in Equation 2. The product of these P field values, given in Table 4 , provides a more informed estimate of the probability that all sources could be field stars, and is vanishingly small (for all sources, and for the SSG and RS stars separately). We conclude that it is exceedingly unlikely that all of the SSG sources listed in Table 4 (Xray-detected or otherwise) could be field stars, and move forward with a sample of highly likely cluster members for our subsequent analyses.
Radial Distributions: Another Indicator of
Cluster Membership In Figure 4 , we plot the radial distribution of the SSGs, within our sample of the most likely cluster members. The specific values plotted in this figure are given in Table 4, and are calculated using the cluster centers from Goldsbury et al. (2010) . Because the surveys become increasingly incomplete at larger radii (see Section 3), we limit this analysis to only include SSGs found at clustercentric radii within the minimum completeness radius of all surveys in this study (of 3.3 core radii in NGC 6121). Moreover, the survey of SSGs is essentially complete in radius within this limit in each cluster (though in some of the globular clusters the surveys were offset from the cluster center, so portions of the clusters may still remain unobserved in X-ray and/or optical). 93% of the SSGs that have the highest likelihood of cluster membership are found within 3.3 core radii from their respective cluster centers, and about 60% are found within 1 core radius.
For comparison, in the bottom panel of Figure 4 , we show the cumulative distribution expected for a population of sources distributed uniformly in surface density, as would be expected for a field population. A Kolmogorov-Smirnov (K-S) test shows that we can reject the hypothesis that these SSGs were drawn from a field population at very high confidence, with a K-S statistic of 1.7×10 −6 . (We also performed the same test, but excluding the ω Cen sample, and reach the same conclusion.) Thus, this comparison provides further evidence that these sources are indeed cluster members. Furthermore, the full sample of SSGs within the 3.3 core radii completeness limit (and without taking any selection on membership likelihood) is equally unlikely to be drawn from the field (with a K-S statistic of 1.7×10 −8 ). The SSGs are centrally concentrated with respect to their cluster centers, as would be expected for any stellar population in a star cluster.
AGGREGATE EMPIRICAL CHARACTERISTICS
OF SSGS We list the general properties for this population of SSGs at the beginning of Section 2. Here we discuss in further detail the SSG binary properties and period distribution ( Figure 5 ), a comparison of X-ray and optical flux (Figure 6 ), and the frequency of SSGs as a function of host cluster mass (Figure 7 ). We will focus here on the most secure cluster members of this SSGs sample, as discussed in Section 4
Binary Orbital Parameters and Photometric
Periods The open clusters NGC 188, NGC 2682, NGC 6791 and NGC 6819 are the only clusters with comprehensive and complete multi-epoch radial-velocity measurements capable of detecting binary companions and deriving orbital solutions within the relevant regimes in magnitude and orbital period (Geller et al. 2008 Hole et al. 2009; Milliman et al. 2014 Milliman et al. , 2016 . Eight of the eleven SSGs in these clusters (73%) are detected as binary stars and six have secure kinematic orbital solutions (excluding 3259 in NGC 188, whose orbital period is uncertain). We provide the orbital parameters for the six SSGs, and one RS (NGC 188, ID 3118), with secure orbital solutions in Table 3 . All have orbital periods of less than 20 days, with a mean SSG period of about 10 days (and a standard deviation of about 5 days). The longest-period binary with an orbital solution, NGC 2682 ID 1063, is also the only eccentric binary (with e = 0.206 ± 0.014). Mathieu et al. (2003) note that this eccentricity is typical for normal main-sequence and subgiant binaries in M67 with periods of ∼20 days, but argues against a phase of mass transfer or a large evolved primary, as these would both tend to circularize the orbit (in the absence of any sufficiently recent dynamical encounter, or a tertiary companion, that could have increased the eccentricity).
In Figure 5 , we plot the distribution of measured photometric and/or radial-velocity periods for the SSGs with the highest likelihood of cluster membership. We do not attempt to correct for incompleteness, and therefore this distribution (at least for the photometric periods) may be biased toward shorter periods. We simply note here 
We provide the orbital period (Per RV ), the center-of-mass radial velocity (γ), the radial-velocity amplitude (K), the eccentricity (e), the longitude of periastron that about 90% (19/21) of the SSGs with measured photometric and/or radial-velocity periods show periodicity at 15 days. Finally, the SB2, NGC 2682 S1113, is the only SSG that has a dynamically measured mass ratio. Its mass ratio of 0.7 and the spectroscopic temperature and surface gravity measurements of Mathieu et al. (2003) point to a main-sequence companion to the SSG. However, again Mathieu et al. (2003) caution that they could not find a self-consistent solution for S1113 that accounts for all of the observations. The RS star NGC 188 3118 is also an SB2, and has a mass ratio of 0.8. If 3118 has a mass similar to normal giants in the cluster (1.14 M ⊙ ), then the secondary would have a mass of 0.9 M ⊙ , and would most likely be a main-sequence star near the turnoff (though further analysis is desirable).
X-ray Emission
Next we turn to the X-ray and optical properties of the SSG and RS stars, compared in Figure 6 . 58% (25/43) of the SSGs are observed to be X-ray sources, which is likely a lower limit. There is no obvious preference in CMD locations for SSGs detected in X-ray (see Figure 1 , where filled symbols mark X-ray sources).
The majority of the cluster X-ray data originate from the Chandra X-ray Observatory, because Chandra's high spatial resolution enables the most accurate associations between X-ray and optical sources, particularly in dense cluster environments. The X-ray luminosity and observation band from the literature are quoted in Table 4 , but for the purpose of comparing clusters, we convert the quantities to a common unabsorbed 2.5-5 keV Xray band. X-ray fluxes are converted with the Portable,
Interactive Multi-Mission Simulator (PIMMS)
4 , assuming a 1 keV thermal bremsstrahlung spectral model Heinke et al. 2003; Haggard et al. 2009; Cool et al. 2013 ) and the nH given in Table 1 .
We plot flux ratios for sources with measurements in the V and R Johnson-Cousins filters, where we have the largest number of individual SSG measurements. We account for reddening using the standard relation, with the (m − M ) V and E(B − V ) values listed in Table 1 , and A R /A V = 0.749 (from Cardelli et al. 1989 , for reddening by the diffuse interstellar medium). We convert the reddening-corrected magnitudes into flux densities with the zero point fluxes from Bessell (1979) . The conversion to flux also requires the flux density to be multiplied by the bandwidth of the filter, for which we use 415Å in R and 360Å in V .
In Figure 6 , we combine the X-ray and optical information for a subset of the SSGs (colored symbols) and several comparison samples (grey symbols) in plots of 0.5-2.5 keV X-ray luminosity vs. X-ray-to-optical flux ratio. The comparison sources are members of the same clusters as our SSG sample (specifically from 47 Tuc, M4, M55, and M67 in the V -band and M55, M67, and ω Cen in the R-band; see references in Section 2), and contain a variety of X-ray-emitting objects, including quiescent low mass X-ray binaries (qLMXB), cataclysmic variables (CV), active binaries that are found at or fainter than the MS turnoff ("AB (MS)", e.g., BY Dra stars), active binaries found beyond the MS turnoff ("AB (evol)", e.g., RS CVn stars), blue straggler stars (BSS), and W UMa stars. We note that the comparison samples are dominated by ω Cen in R Cool et al. 2013 ) and Fig. 6 .-Comparison between X-ray luminosities (0.5 -2.5 keV) and X-ray to optical flux ratios in the V and R optical filters. We plot the SSG and RS stars that pass our membership criteria in solid colored circles and hexagons, respectively, and those with uncertain membership in open symbols, for all clusters that have measurements in either V or R. Each cluster sample is plotted with a different color. For comparison, in the gray points, we also plot other X-ray sources that have optical counterparts from the literature, drawing from the same clusters as our SSG sample (specifically from 47 Tuc, M4, M55, and M67 in the V -band and M55, M67, and ω Cen in the R-band). The types of sources and related plot symbols for these comparison samples are defined in the figure legend. For clarity, "AB (evol)" are active binaries which appear above the main-sequence turn-off (e.g., RS CVn stars) and "AB (MS)" are those which appear below the turnoff (e.g., BY Dra stars).
47 Tuc in V Edmonds et al. 2003) .
The SSGs occupy the same region as active binaries on these X-ray-to-optical diagrams. Furthermore the comparison sources that occupy the most similar locus are the active binaries that contain evolved stars, i.e., RS CVn binaries. In both panels, the SSGs follow a track that is separated from most of the BY Dra ABs, CVs, and qLMXBs in the comparison samples. The RS stars also fall in the same region as the SSGs. This overlap with the active binaries hints that heightened chromospheric activity may be responsible for the X-ray activity observed for at least some, and perhaps many, SSG and RS stars. The diminished overlap between the SSG and BY Dra stars (which are also chromospherically active) is due to the generally lower optical luminosities of most BY Dra's in the comparison samples relative to the SSGs. The X-ray luminosities of the SSGs agree well with both the BY Dra and RS CVn active binary samples.
Frequency of Sub-subgiants Across Different Star
Clusters Figure 7 shows the number (top) and specific frequency (bottom) of SSGs as a function of the cluster mass for all clusters with SSGs in our sample. The black points in this figure show only the SSGs that are the most probable cluster members and are within our minimum radius completeness limit, and gray points show all SSGs. The Pearson's correlation coefficient, relating cluster mass and number of SSGs, for the full sample of highly likely cluster members is 0.925. However, this value is large because of ω Cen and 47 Tuc. Excluding these two clusters (the only clusters in our sample with masses above 10 6 M ⊙ ), results in a Pearson's correlation coefficient of -0.278. Furthermore, a χ 2 test indicates that this limited sample of clusters (still excluding ω Cen and 47 Tuc) is consistent with a flat line at the mean value of N =1.7
SSGs. This result holds even if we include ω Cen and 47 Tuc in this test (using N =1.7), with a reduced χ 2 value of χ 2 red =1.91. We conclude that, for this sample, there is no significant correlation between the number of SSGs and the cluster mass.
This lack of a correlation in N SSG vs. M cl results in a clearly visible trend in the specific frequency panel: the number of SSGs per unit mass increases toward lowermass clusters. A χ 2 test shows that the full sample of SSGs is inconsistent with a flat line at the mean value at very high significance (P (χ 2 ) < 10 −7 ). The same result holds true for the open and globular clusters individually.
The open clusters have a significantly higher specific frequency of SSGs than do the globular clusters. If we take the mean specific SSG frequency for the open clusters of ∼ 10 −3 M ⊙ −1 and extrapolate that to the globular cluster regime, this would predict about 100 SSGs in a globular cluster with a total mass of 10 5 M ⊙ . The maximum number of SSGs known in any cluster is 19 in ω Cen, followed by eight in 47 Tuc (both of which have masses ≥ 10 6 M ⊙ ). A hint of this trend was also noted by Cool et al. (2013) in comparison of their ω Cen SSG sample to those in M67 and NGC 6791. This is now verified with the larger sample of SSGs studied here, and we discuss the implications of this result in Section 6.
Summary of Demographics
We conclude that the SSG region has an elevated frequency of variable stars and X-ray sources relative to stars of similar luminosities in the normal regions of a CMD. The X-ray and optical luminosities of these sources are most similar to those of active binaries, and specifically RS CVn stars. Likewise, at least 14 of the SSGs in our sample are Hα emitters (and not all have been observed for Hα emission), another common characteristic of RS CVn stars. Importantly, the open clusters NGC 188, NGC 2682, NGC 6819 and NGC 6791 have comprehensive three-dimensional membership analyses; these long-term multi-epoch radial-velocity surveys reveal a 73% (8/11) binary frequency. Thus, at least for the open clusters, we conclude that the SSGs have a high frequency of binaries relative to the normal stars (which for these clusters typically have measured spectroscopic binaries frequencies, with the same completeness limits in orbital periods, closer to ∼25%). Taking the entire sample of SSG members, we find 65% (28/43) to be photometric and/or radial-velocity variables, 21 of which are radial-velocity binaries. Of perhaps equal importance to the binary and X-ray properties is the trend of increasing specific frequency of SSGs toward lower mass clusters. Apparently open clusters are more efficient, per unit mass, at producing SSGs than globular clusters.
6. DISCUSSION AND CONCLUSIONS This is the first paper in a series studying the origin of the sub-subgiant (SSG) stars, found redward of the MS and fainter than the normal giant branch (see Figure 1) . Here we identify from the literature a sample of 56 SSGs (plus one candidate SSG discussed in the literature but without reliable color information due to short timescale variability), and 8 red stragglers (RSs) in 16 star clusters, including both open and globular clusters ( 6. The specific frequency of SSGs increases toward lower-mass star clusters.
All of the percentages given above are lower limits (more complete demographics require further observations). Most of these sources have kinematic membership data indicative of cluster membership. In Sections 4 and 5 we also argue that the X-ray luminosities, photometric variability and their centrally concentrated radial distribution with respect to their cluster centers (Figure 4 ), provides additional strong evidence that these sources are indeed cluster members.
The large fraction of short-period variables (most either inferred or confirmed to be due to binary companions), and the similarities in the X-ray characteristics between the SSGs and active binaries (Figure 6 ), suggest that the SSGs form through binary-mediated channels. The Kepler "No-Man's-Land" stars (Section 2.3), if confirmed as SSGs, also indicate that SSGs can form in isolation through binary evolution channels. Furthermore, the X-ray and optical luminosities and the Hα emission seen in many of these SSGs are similar to RS CVn binaries.
It is well known that dynamics can both create and destroy binaries. We find that the specific frequency of SSGs increases toward smaller cluster masses (Figure 7) , where dynamical encounters are on average less frequent and less energetic. Thus this trend may indicate that dynamics inhibits the formation of SSGs, perhaps by disrupting or modifying the binary progenitors to SSGs. Toward the highest mass clusters there is a hint at a flattening to this distribution in specific SSG frequency, which may be indicative of an increased efficiency of dynamical production.
An important next step is to search for additional SSGs, particularly in the globular clusters, that may be revealed from comprehensive proper-motion (and radialvelocity) membership analyses. Still a typical globular cluster would need ∼100 SSGs to be consistent with the mean specific frequency of SSGs in the open clusters, which seems exceedingly unlikely for the globular clusters studied here.
Of additional great interest are the wide variety of evolutionary states of the companions known for these SSGs. Within our SSG sample, there is one MSP (and possibly a second) in NGC 6397, a candidate black hole companion in NGC 6121 (M4), a massive compact companion (either neutron star or black hole) in NGC 6652, a MS companion near the turnoff in NGC 2682 (M67), and three SSGs in W UMa binaries (in NGC 188, ω Cen and NGC 6397). This is far from a complete list, but in other stellar systems that do not follow standard stellar evolution theory, the companions provide significant insight into the most active formation channels. (For example, the white dwarf companions to blue stragglers in NGC 188 found by Mathieu 2011 and Gosnell et al. 2015 point directly to a past stage of mass transfer as their formation mechanism.) The compact object companions to these SSGs are particularly intriguing. To obtain an orbital period on the order of 10 days in a binary containing a neutron star or black hole, presumably either the system formed early and went through a previous stage of mass transfer or common envelope to shrink the orbit, or the system was formed more recently by a dynamical encounter, perhaps involving a tidal-capture scenario. Regardless of the specific evolutionary histories, the diversity of companions amongst the SSGs may offer important guidance in developing theories of SSG formation, which we discuss in subsequent papers.
Further observations aimed at determining the companion stars to these SSGs (and RSs) would be very valuable. Also, recall that not all of these sources have the relevant observations to determine an X-ray luminosity or variability period. Therefore it is possible that even more of these SSGs are indeed X-ray sources and/or variables with similar luminosities and periods, respectively, to those shown in Figures 5 and 6 . Follow-up observations of these sources are desirable. Additionally, the nearly 10,000 stars in the "No-Man's-Land" from Kepler (Batalha et al. 2013; Huber et al. 2014) , are a very interesting population for follow-up work. These may be field SSGs (that may have formed without the need for cluster dynamics), and we will investigate these "NoMan's-Land" stars in more detail in a future paper.
Though we focus in the majority of this paper on the SSG stars, we return here briefly to comment on the RS stars. There are eight total RS stars in this sample (in NGC 188, NGC 6791, NGC 7142, ω Cen and NGC 6752), seven of which would pass our criteria for high likelihood of cluster membership (and one of these is outside of the radial completeness that we have set above). Thus the number of sources is too small to perform any rigorous statistical tests. Of these seven RS stars that would pass our membership criteria, four are X-ray sources, and three are photometric or radial-velocity variables. Thus, apart from their somewhat different location on the CMD, the RS stars appear to have similar characteristics as the SSGs. As we will discuss in future papers, certain formation channels predict that the SSG and RS stars are related through evolution, where one may be the progenitor of the other.
Previous authors have suggested various dynamical and interacting-binaries scenarios to explain the SSGs, though none present detailed models of SSG formation (or evolution). For instance, Albrow et al. (2001) posit, with regards to the sources in 47 Tuc and M67 (the only SSGs known at the time), that "a plausible explanation for these stars is a deflated radius from subgiant or giant origins as the result of mass transfer initiated by Roche lobe contact by the evolved star, for which the secondary has a lower mass", where PC-V11 has a WD companion and the others have MS companions. They liken these stars to BV Centauri, which Gilliland (1982) suggests is a long-period CV variable with a subgiant donor, and an expected lifetime that may exceed 10 9 years. Hurley et al. (2005) briefly discuss the formation of a SSG star in their N -body model of M67 through a common-envelope merger event (created within the parameterized Binary Stellar Evolution code BSE, Hurley et al. 2002) . Empirically, there is evidence in some systems for past, and possibly ongoing mass transfer (e.g., the MSP system in NGC 6397). We also note that some of the main-sequence -main-sequence collision models of Sills et al. (2005) evolve through the SSG region.
We perform an in-depth investigation of specific SSG formation routes in Leiner et al. (in prep) . In this and subsequent papers we will investigate two general modes of SSG formation, (i) through isolated binary evolution and (ii) through dynamical processes (also likely involving binaries). These papers will provide the first detailed models of SSG formation and will investigate the relative formation frequencies that each model predicts. The observations and demographic information provided in this paper solidify SSGs as a new class of stars that defies standard single-star evolution theory. These stars may prove to be very important test cases for both binary evolution and star cluster dynamics modeling. 
